Abstract. Symmetrized density-matrix-renormalization-group calculations have been carried out, within Pariser-Parr-Pople Hamiltonian, to explore the nature of the ground and low-lying excited states of long polythiophene oligomers. We have exploited C 2 symmetry and spin parity of the system to obtain excited states of experimental interest, and studied the lowest dipole allowed excited state and lowest dipole forbidden two photon state, for different oligomer sizes. In the long system limit, the dipole allowed excited state always lies below the lowest dipole forbidden two-photon state which implies, by Kasha rule, that polythiophene fluoresces strongly. The lowest triplet state lies below two-photon state as usual in conjugated polymers. We have doped the system with a hole and an electron and obtained the charge excitation gap and the binding energy of the 1 1 B u -exciton. We have calculated the charge density of the ground, one-photon and two-photon states for the longer system size of 10 thiophene rings to characterize these states. We have studied bond order in these states to get an idea about the equilibrium excited state geometry of the system. We have also studied the charge density distribution of the singly and doubly doped polarons for longer system size, and observe that polythiophenes do not support bipolarons.
Introduction
One of the most successful of conjugated systems for applications in optoelectronic devices are thiophenes and thiophene oligomers (nT, n is the number of thiophene rings). 1 Chemical stability and the solubility of the alkyl-substituted polythiophenes (PT) in common solvents make them suitable for diverse technological applications [2] [3] [4] [5] such as batteries, optoand thermochromic devices, light-emitting diodes, 6, 7 plastic lasers, 8, 9 photovoltaic cells 10, 11 and more recently, field-effect transistors; α-sexithienyl (α-6T) has been successfully used as an active semiconducting material in thin-film transistors. [12] [13] [14] Polythiophene serves as a model system for understanding the electronic and optical properties of onedimensional systems with nondegenerate ground states. The conjugated PT backbone resembles cis-(CH) x suggesting that the presence of sulphur atom is a small perturbation on the cis-polyenes. 2, 3 Hence it is interesting to compare the results from quantum chemical and spectroscopic investigations of thiophene oligomers with that of polyenes. It has been observed that the two-photon absorption spectra and the fluorescence spectra of polythiophene are quite different from those of polyenes. [15] [16] [17] [18] The lowest singlet excitation S 1 of polyenes is the two-photonallowed 2A g state, while S 1 for PT is the dipoleallowed 1 1 B u state. Kohler et al [19] [20] [21] [22] carried out high resolution spectral investigations on thiophene oligomers from 2T to 4T at low temperature. They concluded from their results that 1 B u state is the lowest excited state while 2 1 A g state has been located above 1 B u . The 2 1 A g state also has been located above the 1 1 B u in a crystalline film of α-6T. 15 The thiophene molecule was first studied theoretically in 1935 using the Hückel model. 23, 24 Theoretical studies of the lowest excited states of thiophene oligomers have been carried out in recent times. [25] [26] [27] Calculations by Beljonne et al 25 predicted that 2 1 A g state is below the 1 B u state till 4T and crossover occurs between 4T and 5T. Still other calculations on 2T and some higher nT give varying results regarding energy ordering of the states for 2T and place the 2 1 A g state lowest for 3T and 4T. 26, 27 In view of such diverse contradictory results relating to energy level ordering, Colditz et al carried out theoretical CNDO/S calcu-lations including single and double excited configurations on thiophene oligomers, nT, with 2 to 6 monomer units. 28 Their theoretical studies and spectroscopic investigation of the ground and excited electronic states of thiophene oligomers showed that the 2 1 A g lies above the 1 1 B u state. Becker et al came up with experimental evidence of the fact that the state 1 1 B u is the lowest excited state in all n-oligothiophenes from 2T to 7T. 29 Semi-empirical calculations have not been able to provide a clear picture of the electronic spectrum. [30] [31] [32] [33] [34] While theoretical studies on thiophene molecule reported are based on ab initio quantum chemical approach, [35] [36] [37] due to its large size, similar studies on PT is difficult using these methods. Restricted configuration interaction (CI) technique is also not useful for solving these interacting systems as we need to extrapolate the results to the polymer limit and restricted CI calculation are not size consistent. PT has conjugated sp 2 backbone and hence can be numerically accurately described by the Pariser-Parr-Pople (PPP) model, which includes explicit long-range electron-electron interactions. 38, 39 However, the interaction parameters for sulphur need to be optimised. In our studies reported here, we have employed the density matrix renormalization group (DMRG) method for large oligomers of polythiophene systems within the PPP model. 40 The DMRG method has proved to be the best choice for one-dimensional as well as quasi-one-dimensional systems. 41 The excited states of the polythiophene systems have been calculated through symmetrized DMRG technique developed by Pati et al. 42 We have also calculated the excitation energy gaps of low-lying excited states. Besides, we have computed properties like bond-order and chargedensities to characterize these states. In what follows we briefly discuss the PPP model and its parameters in the next section. In §3 we discuss the method of implementing the DMRG scheme for polythiophene. In § §4 and 5 we discuss the results for neutral and doped polythiophenes and conclude the paper in §6.
The PPP model Hamiltonian and computational scheme
The PPP Hamiltonian in second quantized notation can be written as, † , (ˆˆ..)P 
where the symbols have their usual meaning and the intersite interaction potential V ij is parametrized using Ohno parametrization. 43 The value of z C for carbon atoms is one while for sulphur z S = 2, since the lone pair on sulphur is involved in conjugation. We have carried out all our calculations using experimentally determined ground state geometry with C 2v symmetry. 44 Figure 1 shows two thiophene rings in the X-Y plane and the C 2 axis is perpendicular to this plane. The conjugated carbon backbone in polythiophene backbone resembles cis-polyacetylene ((CH) x ), 45 sulphur atoms have been treated as non-conjugated heteroatoms producing a charge-density-wave (CDW) ground state. Soos et al 27 modelled the one and two photon excitations of polythiophene in terms of interacting π-electrons and a charge-density-wave (CDW) ground state due to sulphur atoms. 27 They have incorporated the effect of sulphur atoms by introducing effective orbital energy or site energy at carbon sites. It is seen that if we assume the linear polyene structure discussed above with an effective orbital energy without explicitly using the sulphur atom parameters for U and t and carry out the calculation within the PPP model, experimental excitation energies cannot be reproduced. So it is essential to include sulphur atoms explicitly during thiophene oligomer calculation.
The parameters required for calculation are transfer integral for the C-S bond t C-S , the on-site correlation energy, U S , for sulphur, the site or orbital energy ε S for sulphur relative to carbon. The study of conjugated organic polymers without any heteroatoms has shown that the π-orbital of the sp 2 carbon atom has transferable parameters with transfer integral 2⋅4 eV for a C-C separation of 1⋅397 Å and onsite repulsion The experimental values of one-and two-photon gaps which are independent of the X-axis are shown by a star symbol on the Y-axis. We can see from the two plots that the calculated and corresponding experimental values are comparable at U S = U C = 0⋅444 and ε S = -8⋅0. We have chosen ε S = -7⋅8 to make the one-photon gap closer to the experimental value.
11⋅26 eV. For the C-C bonds at other distances, transfer integral t C-C is approximated by,
where the transfer integral is in eV and the C-C distance is in Å. To determine the PPP parameters for sulphur, we have carried out exact valence bond calculation for the two thiophene rings (2T) shown in figure 1 , taking the experimentally determined ground state geometry of thiophene molecule. 44 We have compared the excitation energies with experimental values reported by Birnbaum et al. 19 We have varied the parameters, U S , ε S and t C-S , and compared the calculated excitation energies with the corresponding experimental values. The sulphur atom lies in the 3rd row of the periodic table and hence we expect the 3p orbitals of sulphur to be more diffuse than the carbon 2p orbitals. Therefore the Hubbard U on sulphur is expected to be smaller than U C . Since orbital energies decrease with increasing atomic numbers, we also expect the sulphur 3p orbital to be having a lower orbital energy than the C 2p orbital. The more diffuse 3p orbital also implies a larger t C-S than t C-C for the same separation of the atom pairs. We have searched for the parameters of U S and ε S based on these physical arguments. We have shown the variation of the one-photon (1 1 B) and two-photon (2 1 A) gaps for two thiophene rings (2T) obtained using exact diagrammatic valence bond 47 method as a function of the parameters in figure 2. By keeping the t C-S value to be fixed at 3⋅0 eV, we wish to choose U S and ε S values that reproduce the one-photon gap the best. We find that U S = 5 eV and ε S = -7⋅8 eV well reproduce the onephoton gap while the two-photon gap is in error by only 0⋅4 eV. In view of this, we employ these sulphur parameters in all our calculations.
DMRG method for polythiophene
While implementing DMRG technique to polythiophene within PPP model we see that the interaction part although diagonal in real space representation is truly long-ranged and the topology of these interactions correspond to that of a higher dimensional system. Notwithstanding this higher effective dimensionality, because the interactions are diagonal, the DMRG technique has proved to be highly accurate. It appears that the DMRG technique loses its accuracy only when the off-diagonal interactions are of higher dimensional topologies. The polythiophene oligomers, in the DMRG procedure, are built up two sites at a time. The sites are added in such a manner that only short-ranged transfers (transfer operator between recently added sites) are introduced at every iteration. This is possible since we have chosen to buildup the system from the interior. The polythiophene oligomers are encountered for total number of sites corresponding to integer multiples of ten. Schematically we have shown the way in which the polythiophene oligomers are constructed in DMRG scheme in figure 3 . It is required to use symmetries like spatial symmetry and spin parity symmetry to study optical excitations or spin excitations in such conjugated polymer systems. In the study of polythiophene we employ (i) C 2 symmetry and (ii) spin parity. The polythiophene chain has C 2 symmetry or reflection symmetry about an axis perpendicular to the plane containing the molecule. We use here spin parity that partitions the Hilbert space of the system into even and odd parity total spin sectors. Electron-hole symmetry is broken both because of the presence of a heteroatom and also because of the thipohene moiety present in the oligomers. The implementation of C 2 symmetry and spin parity symmetry in the DMRG procedure gives the ground state which is in A subspace and has even spin parity e A. The optically allowed state which is dipole allowed with the covalent ground state lie in the even parity e B subspace known as one-photon state. The two-photon state 2 e A also has even spin parity. The triplet states lie in Figure 3 . Scheme for building up polythiophene oligomers, adding two sites at a time starting from a four-site system in the DMRG procedure. The primed sites correspond to the right block and the unprimed sites to the left block.
the odd parity (o) subspace. We start the DMRG process with the initial system size of four sites and build up the oligomers of thiophene.
To improve the accuracy of the energy values, we have employed the average density matrix approach in our calculation. We have calculated the density matrix for the low-lying states in the A and B subspaces. The average of these two density matrices is used for obtaining the highest m eigenvalues and eigenvectors used in the renormalization. To compute properties like charge densities and bond orders, we have followed the numbering scheme shown in figures 4 and 5 respectively. The largest system size we have studied is one with ten thiophene rings.
Results and discussion
Our aim is to study the nature of the ground and a few low-lying excited states for a series of oligomers and to obtain the excitation gaps in the thermodynamic limit. We have employed the symmetrized DMRG technique to calculate the ground state and excited states for all system sizes, retaining 128 density matrix eigenvectors and employing the infinite DMRG algorithm. In order to establish the accuracy of our DMRG procedure, we compare the DMRG results for smaller systems (up to two thiophene monomers) with the results obtained from exact diagonalization calculations within the PPP model Hamiltonian.
47 Table 1 shows the comparison of DMRG energies with exact energies for ground state, the lowest one-photon dipole allowed and twophoton states of two thiophene rings for the PPP model. We note that all the three energies are well reproduced by the DMRG method. We have also calculated bond orders, charge densities and find that they all compare well with the exact numbers.
To evaluate the DMRG method for larger system sizes, we have obtained excitation energy gaps from Hückel model calculation for system sizes of up to ten thiophene rings. In figure 6 , we show the variation of one-photon gap for the exact and DMRG calculations as a function of system size. From the figure, we observe that even for the noninteracting case where the DMRG accuracy is generally poor, the DMRG optical gaps compare favourably with exact results. We have calculated various excitation energy gaps, expectation values and transition dipole moments between dipole-allowed states. The size of the system considered is sufficient to saturate most important low-lying excitation gaps, so that all the above properties can be evaluated in the polymer limit, by extrapolation. We have also studied quantities such as exciton and bipolaron binding energy by obtaining ground state energy of the singly and doubly doped polythiophene systems. We find that irrespective of the system size the ground state lies in the e A subspace. We have plotted in figure 7 the ground state energy per thiophene monomer as a function of inverse of number of monomers, for the neutral, the one and two electron doped systems. The linear dependence on 1/N allows extrapolation of the energy per monomer to the thermodynamic limit. The energy per monomer converges well showing that it as an intensive variable. In the thermodynamic limit, the differences in the energy between neutral and doped systems are finite, hence we should expect to obtain the same value for energy per monomer in all cases. We indeed get nearly the same value; the discrepancy is an estimate of the error and we find the extrapolation error to be less than 1%. We have calculated the excitation en-ergy gaps from the ground state to various low lying excited states of interest, namely the lowest one photon state (1  1 B) , the lowest two-photon state (2 1 A), and the lowest triplet energy state (1 3 B u ) for oligomers with up to 10 thiophene rings. Figure 8 shows the variation of optical gap, two-photon gap, spin gap as a function of inverse system size. All these gaps show very weak dependence on the system size and saturate at about four thiophene rings. The plot shows that the 1 1 B state is well below 2 1 A for all oligomers. These thiophene oligomers should strongly Figure 8 . Energy gaps in the PPP model to the lowest triplet (filled triangles), dipole-allowed (circles) and twophoton (squares) states for polythiophene. The plot shows the linear extrapolation of these gaps to infinite system size. Figure 9 . The plot shows the optical gaps for polythiophene from theory and optical-absorption measurement. 29 fluoresce according to Kasha's rule 48 which is indeed found to be the case experimentally by Becker et al. 29 The energy ordering of 2 1 A and 1 1 B states is reversed compared to that of polyene, making these thiophene oligomers strong fluorescent molecules. We can extrapolate these gaps in figure 8 to obtain their values in the polymer limit. The extrapolated values of optical, spin and two-photon gaps are 3⋅67, 2⋅55 and 4⋅04 eV respectively. Thienpont et al, 49 from optical-absorption measurements on well-characterized alkyl-substituted oligothiophenes, found that the optical gap does not vary beyond a system size of 6 thiophene rings. They found that the saturation value of optical gap is 2⋅78 eV. The DMRG value for optical gap at the thermodynamic limit is 3⋅67 eV which is higher, but discrepancy could be attributed to the fact that the experiments were carried out in solution. The ordering of energy levels obtained from theory is the same as that found experimentally. The two-photon gap was studied experimentally by Periasamy et al. 15 Their studies place the two-photon state at about 0⋅1 eV above the optical gap. We see from figure 8 that the extrapolated spin gap which is 2⋅55 eV is ≈ 1⋅0 eV less than the optical gap. Monkman et al 50 find that for poly-(3-octyl thiophene), the energy difference between the lowest triplet state and the lowest singlet excited state, is 1⋅18 eV, which compares well with the DMRG value of 1⋅12 eV, in the thermodynamic limit. There have been earlier quantum chemical calculations by Colditz et al. 28 These calculations at the SCI level place the two-photon state, about 0⋅7-0⋅8 eV above the optical gap, while the SDCI calculations indicate a crossover of the 1B-2A levels with system size. We have computed the transition dipole moment for 7 lowest singlet states in the B space from the ground state for thiophene oligomers with up to 10 monomers. The square of the transition dipole mo-ment, which is proportional to the intensity, has been plotted as a function of the oligomer size, in figure 10 . We note that up to about 7 eV, we find the 1 1 B state to be the dominant dipole coupled state. The magnitude of the transition dipole does not change with system size beyond six monomers indicating that the 1 1 B excitation is fairly localized. To further characterize the eigenstates, we have obtained the charge density and bond order for ground state as well as excited states. In figure 11 we have plotted the difference in charge density of one-photon state, two-photon state and lowest triplet state with respect to the ground state. We see that rearrange- ment of the charge density takes place only around the center of the molecule, the charge density variation with respect to ground state is nearly zero at both ends of the polymer. According to the site numbering illustrated in figure 4 , we can clearly see that in case of one-photon excitation, charge transfer takes place from sulphur to carbon atoms. This process can be represented by the resonance structures shown in figure 12 , with the weight of the ionic structure being larger in the one-photon state. The resonance structure implies increase in the C-S bond order and decrease in the neighbouring C-C bond-order, relative to the ground state. This is indeed seen in the bond-order plots ( figure 13 ). The two-photon state has a larger weight of the ionic structure as evidenced by higher charges on the carbons and sulphur atoms. The bond-order pattern of the two-photon state is similar to the one-photon state. Thus unlike in polyenes where the two-photon state is delocalized and the one-photon state is localized, in PT both the excitations appear to be localized excitations.
The bond orders and charge densities in the triplet state also indicate that the ionic resonance structures have significant weight in the triplet state. The magnitude of charge transfer from the sulphur atom to carbon is however least for the triplet state, of all the states discussed. The triplet excitation is also slightly more delocalized than the other two excitations. The resonance structures also imply that large spin density should reside on the sites where negative charge resides for the one-and two-photon states. In all the cases studied above, we can get some insights into the equilibrium geometry of the excited states from the bond order data. Bond distances in the equilibrium geometry are shorter than the bond distances in the ground state, if the corresponding bond order in the given excited state is larger than that in the ground state. We note in all cases that the change in bond orders from the ground state is localized in the middle of the oligomer. We also note that the distributions within triplet excitation is more spread out than in other excited states.
Doped polymer
The primary process for electrical conduction is to create a pair of freely moving electron and hole. Such a process can be achieved by exciting an electron across the band gap by using light and thus can be monitored by the measurement of photoconductivity as a function of wavelength of incident light. The photoconductivity threshold, known as the charge gap, can be computed by representing the physical process as,
where M is the polymer in the ground state and P + /P -are the positively and negatively charged polarons created by the incident light. The energy of the above process can be computed by extrapolating to the thermodynamic limit, the charge gap, E c (N) defined as,
where E M (N), E P -(N), E P + (N) are the energies in the ground state of neutral, negatively charged and positively charged N-site oligomers respectively. In this we have assumed that in the thermodynamic limit (N → ∞)E M (2N) = 2E M (N). We have calculated the charge gap for oligomers with up to 10 thiophene rings. From figure 14 the extrapolated value of the charge gap is 7⋅80 eV which is very large. The charge gap gives the photoconductivity threshold of the polymer. The optical excitation, on the other hand, need not give rise to well separated charges as in the photoconductivity process, since the optically excited state could correspond to the bound P + P -state, called the excitonic state. The upper bound for the excitonic binding energy is given by the difference between the charge gap E c and the optical gap E g (see figure 14) . The charge gap and the photo-excitation gap coincide in the Hubbard model provided that all the transfer integrals are uniform. If the electron-electron interactions are extended beyond onsite, the electron and the hole could form a bound state by residing in the vicinity of one another, leading to an exciton. Exciton formation takes place only in U-V or PPP models. In such situation, the optical gap is not same as the charge gap. In the band picture, the excitonic levels are found below the conduction band edge as shown in figure 15 . From the value of extrapolated optical gap which is 3⋅67 eV, we find the binding energy of the 1 1 B -exciton as 4⋅13 eV, which is very large, compared to polyenes or polypara phenylene vinylenes (PPV).
Overdoping (underdoping) the conjugated polymers can lead to addition (removal) of two electrons rather than one. If both the electrons (holes) stay to- gether then we have the formation of a bipolaron. In order to investigate whether the bipolaron is a stable entity or it breaks up into two polarons, we have calculated the binding energy of the bipolaron, along the lines described earlier for the excitons. The binding energy can be defined as ε bp = E N (P ++ ) + E N (M) -2E N (P + ) of the reaction process given by,
If the binding energy of the bipolaron is negative in the thermodynamic limit, the bipolaron is stable. We have calculated the stabilization energy as defined above by infinite DMRG algorithm and have plotted binding energy vs 1/N in figure 16 . We obtain ε bp = +0⋅85 eV, in the thermodynamic limit showing that the bipolaron is not formed in polythiophene. For further verification of the absence of the biplaronic state, we have calculated the charge density for both polaron and bipolaron. The calculations are for system size of 10 thiophene rings. We have plotted the differences in charge density of polaron and bipolaron with respect to the charge density of the ground state in figures 17 and 18 respectively. The difference in charge density has been shown separately for carbon and sulphur atoms. Figure 17 shows that a significant difference in the charge density in case of polarons occurs mostly in the middle of the system for both carbon and sulphur. There is redistribution of charges at carbon atoms. Within a ring, the alternate carbon atoms have positive and negative charges compared to the neutral ground state, whereas charges are depleted from the sulphur atoms. From the figure we observe that the polaron is delocalized over 4 thiophene rings. This result is in agreement with the earlier work by Brédas et al, 51 although their study showed that the participation of sulphur atom is negligible in polaron formation. From our study, we see that sulphur atoms indeed participate in the polaron formation, but to a lesser extent than the carbon atoms. In contrast to polaron, bipolaron is more localized. We observe that bipolaron splits into two polarons and the charges are separated and piled up at the ends of the chain ( figure 18 ). This can be attributed to the Coulombic repulsion between two positively charged polarons. This agrees with our prediction from the calculation of binding energy that bipolarons are not a stable entity. Figures 19 and 20 show the bond order difference of the doped polaronic state and bipolaronic state with respect to ground state. There is maximum fluctuation in bond order in the middle of the chain for polaronic state and at the ends of the chain for bipolaronic state. Polaron bond order is delocalized over 4 rings of polythiophene. This reinforces the fact that the doubly doped chain leads to two separated polarons instead of a single bipolaron. The nature of bond order pattern for polarons is similar to that of one-photon and two-photon excited states, the polaronic state however is more delocalized.
Conclusions
We have studied the nature of the ground state and the low-lying excited states of thiophene oligomers with up to 10 thiophene rings using symmetrized density matrix renormalization group technique within the long-range PPP model Hamiltonian. We find that the lowest dipole-allowed state lies below the lowest forbidden two-photon state. This result implies polythiophene is strongly fluorescent in agreement with experiments. The lowest triplet state lies below the two-photon state which also agrees with the general trend in conjugated polymers. Besides computing optical gap and two-photon gap, we have computed the charge gap of the system. We have estimated the binding energy of 1 1 B -exciton to be 4⋅13 eV. We have calculated the charge densities of the ground state, one-photon state and two-photon state and computed the bond orders of the lowest excited states along with the ground state. These studies indicate that these three excited states are localized and have similar charge redistribution with respect to the ground state. We have also studied doped systems with singly and doubly doped oligomers. The charge density and bond order for singly doped and doubly doped states for system size of 10 thiophene rings show that the bipolarons are not stable and dissociate into two polarons. This is in agreement with the binding energy calculation for bipolaron.
